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Abstract — The problem of natural convection in a shallow annular cavity with differentially heated inner
and outer walls is considered. Compared to the two-dimensional problem Cormack, Leal and Imberger{3},
the flow structure differs in two important ways. First the core flow is only parallel at O(1) in the annulus.
Second, the finite radius of the inner cylinder provides a third length scale in addition to k and {r. — r,).
Therefore, the flow consists of two distinct regimes in the asymptotic limit, A4 = hf{r, — r,) — 0. The solution
in the core is developed correct to 0{4%), and asymptotic results are then obtained for the Nusselt number,
valid to O(4%).
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NOMENCLATURE
cavity aspect ratio, = h/{r. — r4);
end solution coefficients;
coefficients which are functions of Gr and
Pr;
heat capacity;
core solutions;
power function for core solution, equa-
tion (28a);
power function for end solution;
gravitational acceleration constant;
core solutions;
power function for core solution, equa-
tion (28b);
Grashof number, = gh®f(T, — T)/V*;
cavity height;
core solutions;
power function for core solution, equa-
tion (28c);

thermal conductivity;
core solutions;
cavity length, =r, — r,;

my%; p), n{%; p), core solutions;

Nu,
Pr,
Q’

Tes Ths
T, T
U, w,

Nusselt number, = @/27ir (T, — T);
Prandtl number, = ¢ u/k;

heat flux;

cold- and hot-end wall radii;

cold- and hot-end wall temperatures;
horizontal and  vertical  velocity
components;

horizontal and vertical coordinates non-
dimensionalized by k;

horizontal coordinate in the core, = Ax.

Greek symbols

&

X
o,

A
Superscripts

coefficient of thermal expansion;
length scale ratio, = r/h;
non-dimensional temperature,
=(T—- T)(T, - T);

thermal conductivity;

dynamic viscosity;

kinematic viscosity;
two-dimensional Laplace operator,

& @

oxt  oz%

horizontal distance from hot end of ca-
vity, = 47! — x;

annulus aspect ratio, = 44;

vorticity ;

stream function.

perturbated quantity;

basic state;

cold;

hot;

order of approximation, i =0,1,2....

cold;
hot;
order of approximation, i =0,1,2....

1. INTRODUCTION

THE PROBLEM of gravitational convection in a shallow,
two-dimensional cavity with a temperature differential
maintained between the side-walls has been studied

*Since 1 April 1978 with MTU-Miinchen GmbH, P.O. Box
50 06 40, 8000 Munich 50, West Germany.

recently by several authors because of its potentialasa

model for certain aspects of atmospheric circulation
(Hadley cells; cf. Hart[1]); and for the dispersion of
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pollutants or heat wastes in estuary or other shallow
bodies of water (cf. Cormack, Stone and Leal[2]). In
particular, Hart] 1 ] examined the stability of the basic,
unidirectional flow which occurs in the central domain
when the top and bottom of the cavity are insulated. At
nearly the same time, Cormack, Leal and Imberger[3]
showed that an asymptotically rigorous solution could
be obtained (also for insulated top and bottom) by
using the height-to-width aspect ratio, A, as a small
parameter for arbitrary but fixed values of the Grashof
and Prandtl numbers, Gr and Pr. This solution
consisted of a ‘core’ flow over the interior of the cavity,
which was matched in the usual asymptotic sense with
solutions in the regions within O(h) of the side~-walls.
Here, h denotes the height of the cell. The unusual
feature of the solution, which was qualitatively verified
both by experiment{4] and by numerical solution of
the full governing equations (Cormack, Leal and
Seinfeld[S]), was that the flow in the core remained
parallel and unidirectional to all orders in the small
parameter 4. Although it seemed clear that this result
was a direct consequence of the two-dimensional
geometry and of the simple insulating boundary
conditions, the degree of sensitivity to those conditions
was not at all evident nor, more importantly. was the
effect of deviations from the parallel low structure on
the efficiency of heat flow away from the heated
boundary. The latter, measured in dimensionless terms
by the relationship between MNusselt number (heat
flux), Grashof number (AT) and the other parameters
(A, Pr)of the system, is particularly significant due to
the obvious relationship between Nu and the effective-
ness of pollutant or heat waste dispersion in a shallow
estuary.

The effect of the thermal boundary conditions at the
top of the cavity was investigated in some detail by
Cormack, Stone and Leal[2] The present communi-
cation is concerned with the effects of cavity geometry.
In particular, we consider the simplest generalization
from the 2-D case of Cormack, Leal and Imberger[3]
to a shallow annular cavity with the inner cylinder
maintained at a temperature, 7;, and the outer at a
lower temperature, T. This problem includes the
original two-dimensional solution as a limiting case,
but differs significantly in flow structure away from
this limit. Specifically, we will sec that the ‘parallel flow’
assumption in the core region (i.e. radial flow for this
annular geometry) is only adequate at the lowest order
approximation. In this sense. the problem of con-
vection in a shallow annular cavity provides a useful
model for illustration of the type of effects engendered
by flow geometries which are not two-dimensional

The problem is also of some direct interest on its
own as a crude model for the gravitational circulation
and efficiency of heat release associated with a source
of heat in the center of a lake or estuary. For example,
one might imagine hot effluent released at the bottom
with negligible momentum. In addition, the annular
geomelry is sometimes used, with the central cylinder a
heated wire, as a ‘conduction’ cell for determination of
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thermal conductivities. The present analysis provides
an analytical solution for a priori estimation of the
importance of convection effects at steady state in such
a system.

The analysis which follows is similar in many
respects to that which was described in detail by
Cormack, Leal and Imberger[3]. Thus, wherever
possible we present an abbreviated description of the
method in the present paper. Unlike Cormack et
al.[3], we do not obtain complete solutions in the end
regions but rather concentrate on the core velocity and
temperature distributions and on the overall Nusselt
number which is obtained through terms of Q{4°%1
Another difference is the fact that the radius of the
inner cylinder provides a third length scale (in addition
to the height of the cavity, h, and the separation
distance, r. — r;). Thus, in addition to the aspect ratio,
A = h{(r, — r,), which we assume to he small, thereis a
second dimensionless parameter

_ T

d =

h
which enters the calculations. Obviously, the
combination
,
p=Ad = - i
{rc o r,!z}

defines yet a third length scale ratio. Any two of 4, 6
and p are independent. We consider two distinct
problems. In the first A — 0, with p = O(1) (and thus
o> 1 for 4« 1), while, in the second, 4 -0 with
0 = O(1) (and thus p — 0 for 4 — 0). The latter is the
more interesting from the point of view of the direct
‘applications’ which were noted above. However, the
former encompasses the 2-D problem as the limiting
case of & — « (with A — 0). Surprisingly in view of
apparent differences in the governing equations and
analysis for the two cases, we will see that the core
solutions are identical through the first two levels of
approximation.

2. MATHEMATICAL FORMULATION OF THE PROBLEM

We consider a closed annular cavity with inner
radius r, outer radius r, and height h, as shown
schematically in Fig. 1(a). The cavity contains a
Newtonian fluid, and the inner and outer walls are held
at different but uniform temperatures T, and T, with

‘ z
T Pt X
: o Th Tc ~
{
e A A — M,H
_____ ; r ]

Fic. 1{a). Schematic diagram of system.



Natural convection in a shallow annular cavity

T, > T. The top and bottom are insulated, and all
surfaces are rigid, no-slip boundaries.

The flow which results from heating the inner
cylinder is axisymmetric, and the governing differential
equations and boundary conditions are easily ob-
tained, subject to the Boussinesq approximation, from
the full, steady-state equations of motion and thermal
energy expressed in terms of cylindrical coordinates.
We denote the horizontal and vertical velocity com-
ponents by u and w. Thus, nondimensionalizing in the
manner of Cormack et al[3] with I=r, —r, and
introducing a streamfunction

1 oy 1 oy

M Ttz VT x+6 ox

(1)

the governing equations and boundary conditions can
be written in the form

A AV ¥
A2 B,
oo () o]
a0 ) 5 1 dw o
= g”vzw“(ma*m
2
A, 4 Vo
@= p+AxV2w+(P+Ax>E‘— ©
A2 A a0
GP = 2 -
r rp+AxJ(¢,0) V20+p+Ax5x 4
&y 00
_52__‘—3;_0 atz=0,1 (5a)
0
=%=0, f=1—-Ax atx=0,4"" (5b)
Here,
x=(r—=ry)h
oC oD oC oD
JCD) == - — ——
il i Rl hl
L
2=_ —_—
V2*0x2+622

The dimensionless parameters which appear are

gh’

Gr = 2 B(T, — T) (Grashof number)

Pr = c,ufk
A=h/re — 1)
p=Ad=ry(r. —r4)

Comparison with the two-dimensional problem
of [3] shows the presence of one additional para-
meter in the present case, namely the aspect ratio p (or,
alternatively, 6 = ry/h).

We seek solutions of equations (2)—(5) for arbitrary,
but fixed, values of Gr and Pr in the limit as the cavity
becomes very shallow relative to its breadth, ie. as
A — 0. There are two cases of interest for the geometric
parameter p. In the first, the ratio of the radius r,, to the

(Prandt]l number)
(cavity aspect ratio)

(annulus aspect ratio).
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height & is held fixed, ie. 6 = O(1) so that p -0 as
A — 0. In the second, p is held fixed as 4 — 0; thus
8 — co. This second case includes the 2-D limit for
p > 1. We shall see that the detailed analysis for the
two limits, § = O(1) and p = O(1), is fundamentally
different. It is therefore a surprise that the solutions in
the core region are identical to the level of approxi-
mation of the present analysis.

Following Cormack et al. [3], we seek solutions of
equations (2)-(4) which exhibit a parallel flow struc-
ture to at least a first level of approximation (i.e. to O(1)
in A). The boundary conditions (5b) at x =0, A~!
show clearly that a solution of this type is only possible
in the core of the cavity, away from the end-walls.
Thus, the central core solution must be suppleménted
by separate solutions in the two end-regions, i.e. near
r = r. and r,, which match with the core solution in the
usual asymptotic sense as 4 — 0.

The governing equations (2)—(4) can be expressed in
a form which is more appropriate for the core region
by noting that a parallel flow structure must cor-
respond to a characteristic length scale (r, — r,) in the
x-direction, rather than h as assumed in the non-
dimensionalization which led to equations (2)-(5).
Thus, it is convenient to rescale the equations accord-
ing to

£=Ax and J = Ay.

For ease in distinguishing core variables from those
in the end-regions, we also use # and & in place of § and
. With these changes, the governing equations (2)—(4)
can be re-expressed in a form suitable to the core-
region.

) & o a0
Gr A* o) +—2 Y- -
§ [ IO+ az] %

D)
022

7o) 1 0o
Az __——_A Az
+ 6A2+p+)€6£ w(p+x)] (6)
. 1 8 A (0% 1 o
w=— 2 a2 ~\ a22 === | (D
p+x 0z p+X\0x* p+x0x
2o 3%
Gr Pr AJ(!//,B)=—‘7
+ A? 92—g+ L o 8)
0% p+xo% (

in which x and p are both O(1). As written, these
equations are suitable for the limiting problem, 4 — 0,
p = O(1). To transform to a form appropriate to the
case A — 0, 6 = O(1), we can introduce é (=p/A4) in
place of p. However, at the level of approximation
which we will consider, this is equivalent to simply
putting p = 0 and solutions for both cases are thus
obtainable directly from equations (6)-(8). The fun-
damental distinction between p = 0(1) and § = O(1)
does not appear in the governing equations for the core
region. It is only in the vicinity of the end-walls that the
difference between the two cases actually plays an
important role in the governing equations. In the core
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region we thus seek solutions of equations {6)—(8) in
the form of an asymptotic expansion
N
{8» !1[/’(;)} = Z Ai{gb i’a;i}
i=0
for both p = 0(1) and & = O(1). The governing equa-
tions at O(1), are just

©

b, %6

5»20' Rl (10a)
Do = Lo {10b)
O p4x a2t

2%,

—(5:29. =0, (10¢)

Although the equations and boundary conditions in
the core are independent of the choice p = O(1) or
8 = 0O(1), it is still possible that the solutions for these
two cases may differ due to differences in the matching
conditions with the end-region solutions.

In the end-regions, the characteristic length scale is
O(h) in both coordinate directions, as already assumed
in equations (2)—(4). On the other hand, if a parallel
flow structure exists in the core at O(1), all streamlines
must enter the end-regions, and it is clear that the
scaling for horizontal velocity must be the same as in
the core. Thus, introducing

y=A"10

into equations (2)-(4), we obtain a form for the
governing equations which is appropriate for the end-
regions (r ~r,and r ~r,)

Gr A2 | JG.w) + Ao
‘ @) A e d
’ p+ Ax {p + Ax)* Jz
o8 47 o Adw
= —— + AV - — = 5 (11
x 20+ p+ Ax éx  (p + Ax)y (1)
1 _ A oy
SR, v2- . 12
@ p+ Ax 2l1[l+(p+Ax)2 ax (12)
and
A _ A a8
e J(, ) = V3 4 ——— . (13
GrPrp%-ij(lp )=V +p+Ax &x (13)

These equations are suitable for the case in which
A - 0 with p = 0(1). It will be noted that a consider-
able simplification takes place if this limit is applied
directly to equations (11)-(13), and this is reflected by
the simple governing equations which appear at each
order in A when an asymptotic representation of the

form

N
{8’ lﬁ’w} = Z Ai{giv llji’wi} (14)
i=0

is adopted as required by the conditions of matching
with equation (9). At O(1), these equations are simply

30,

F 0; Vi6,=0.

(15)
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In order to obtain a form of the governing equations
{11)-(13) which is suitable for the limiting problem
A — 0 with & = O(1), we introduce p = 48 and then
note from {(12) that @ = A& in order that @ = O(1}.
1t thus follows that

1 _—_— W of
Gr [\Cz—-g J(, @) + (‘;’";‘*6“)2 EZ]

o CLH 26+ 1 fo W 161
STtV i vy YO
: 1 - i oy
P _ e (17
(x + d) v (x + 8)* &x H
_ , i ¢o )
GrPrJ(,0) =V + o —, {18)
X 40 (X

Unlike the end-region equations (11)-(13)forp = O
{1), these equations for 6 = O(1) are independent of 4.
Thus, in spite of the fact that the conditions for
matching still suggest an expansion of the form

N
109,06} = Y 440, o) (19)
i=0
for 8 = 0(1), the governing equations at O(1) appear to
be the full nonlinear equations (16)- (18) rather than
the very simple equations (15) which arose in the case
A -0 (p=0(1)). Fortunately, when & = O(1), the
core solution provides a second small parameter {In
{p/1 + py]~ ! at each order in 4 and the end-region
problem simplifies a great deal.

3. SOLUTION OF THE PROBLEM

We now turn to the solution of our problem for
A — 0 and either p = O(1) or 6 = O(1). In both cases,
the core equations are {6)—(8) with the expansion (9}
and O(1) equations (10a)-(10c). The end-regions are
governed by equations (11)-(13) and (15)-(18), re-
spectively, with asymptotic expansions (14} and (19}.
The solutions in the core and end-regions must be
matched according to

T
}Ln;l 18,4, 0 hor exo
11?0{3, ¥ Bcore = or

lim {8,§. 9 gor enp

XX

as A -0

(20}

11}2 {9, V. WicoLp Enn
1 ) as A -0
x—1 or

511_1’1;1L {8,9,B}corp snp

withé=A4""' ~ x.

The solution scheme is similar, in some respects, to
that of Cormack et al. [3] for the 2-D case. However,
unlike the 2-D problem where a single solution was
found to be valid at all orders in A for the core, the 3-D
problem must be solved step-by-step in A for both the
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core and end-regions. In additton, in the present paper,
we focus our attention on the Nusselt number which
gives the overall rate of heat transport from the hot
cylinder wall to the cold one, and thus adopt a solution
scheme which does not require a full resolution of the
end-region solutions. We begin with the core solution
at O(1) which is common to both problems ¢ = O(1)
and p = O(1). It is then necessary to examine higher-
order core terms and solutions in the ends separately
for these two cases.

(a) Core solutions at O(1)

The governing equations in the core at O(1) are
(10a)-(10c). Thus, starting with (10c), we can obtain
the general solution form

0o = 9:(X; )z + go(X; p) (21a)

~ 22 zz
Y =m(X;p) + n(x;p)z — (h(i;p)j + k(f;p)€>xA
Lzt NN
- (f’(x;/o)z—4 + g’(x;p)1—26>;e (21b)

and

. 2 . 2
o =f’(x§P)’2— + g’(X§P)*6—
+ h{%;p) + k(#;p)z. (21c)

If we assume the flow to be parallel at this order in A,
see also Fig. 1(b),

X>l§

h
m,n = constant; h = — k =
X

s

=2 gm=2
X X

with hy, ko, fo, go = constant. Thus, applying boun-
dary conditions (5a) at z = 0, 1 we can show

0o = coIn(x + p) + cd (22a)
Vo= —cF(2) (22b)
Wo = Co — F"(z 22¢
0= oz F) 220)
where
4 3 2
b4 z z
F(z)=——-—+—.
@) 24 12 24
core solution at 0{1):
L parallel flow ¢  (z) |
i |
(- ~
1y =)
HUE =
i —+-);
= x iy
| L
core region I
inner end outer end
region region

F1G.1(b). Schematic diagram of the stream function at O(1).
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The constants ¢, and c§ must be obtained by matching
with solutions in the end-regions.

(b) Higher-order solution for A -0, p = O(1)

To go further we must examine the end-flows and
the higher-order corrections in the core separately for
the two cases p = O(1) and & = O(1). Here we consider
p = O(1) where the first, O(1), terms in end-regions are
governed by equation (15). Seeking a solution for 8, in
the ends as a simple power series expansion in x and z,
and applying the boundary conditions (5b) on 6, we
find only the trivial solutions at O(1)

o =1
95 = 0.

hot end:
cold end:
Following the matching principles (20) we thus find
Ax  1{Ax\?
colnp+cey| ——z|— ) +... |[+c&=1
P 2\p
(hot end)

AE 1 A&
In(1 —— ] —-...
colnl +p)+c°[ T+p 2(1+p) }
+ ¢y =0 (cold end).

The constants ¢, and ¢§ which satisfy these matching
conditions to O(1) are

1 In(1 + p)

cg=—7r—— and ¢f=—-——~
In <_£_) In <_P,_>
1+p 1+p

The mismatch remaining at 0(4), O(A4?%)... must be

taken into account when matching at higher orders in
the approximation scheme.

At O(A), the solution for 6, in the ends may be

shown, in a similar fashion, to be of the simple form

. (24)

(hot end)
(25)

cold end),
; ¢ ( ).

while the core solution (8;, ¥, &,) is identically zero.
Since our interest is mainly with the core flow and with
the Nusselt number, we do not attempt to solve the
equations for wg and §, which arise at O(A) in the end-
regions.

Finally, at O(4?) in the core we have the governing
equations

3, P, .,  F'()F"()
# e PTGy 0%
L &,
RCPEE g7 (260)
20, F'(2)
=c}GrPr——-.
G 0P (26¢)
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After some algebra, these yield general solutions which

satisfy the boundary conditions at z = 0, 1.
A F(z
0, = f(%:p) + c§ m e ))2 (27a)
? z) + PrH
Vo= —(X+p) foX;p) F(2) + 2¢§ Gr G) + PrG)
(p + x
{27b)
” z) + PrH”(z
= foS1p) ) — 202 6 T+ PriT)
(p+Xp
(27¢)
where*
ZS 24 23
F N 28
=150 "1t 1420 (282)
1 /10 26 7 1
G(z) = 8—‘<-z ~ 528 +73fz ~ 7z° +32 Tk 3>
(28b)

(28¢)

In contrast to the 2-D case, the core flow is not
parallel at O(4?%). Furthermore, the Prandtl number
appears not only within the product GrPr, as it does in
the 2-D case, but also has a more complicated
influence in ¥/, and w,. The function f3(X, p} must be
obtained by matching the core- and end-flows at
O(A?%). Fortunately, this may be done quite simply
without any need to solve explicitly for the tempera-
ture function 6, or the streamfunction/vorticity ¥, o,
in the ends. At 0(4?), the matching condition on § in
the hot end is simply

F(z
+ fz(x p) + (’O Gr Pr(;;;%fz@f)'z‘
(29)

22
as 4 0.

On the other hand, the governing equation for the end-
region solution, 8%, is

26"
ax?

o264

oz?

L% GrP 1 39.67‘/79

. (30)
p+Ax p iz
Integrating equation (30) with respect to z from z = 0
to z = 1 and applying the boundary conditions for 8%
and {, at these points gives

*Note, 8'— 1><2><3>< 7x8—40320
tNote, p»0as A —0if & = O(1).
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J‘l izoédz=_.f‘l 1

g0 OX? p P+ Ax
Thus
' th.,:»g‘gﬁ f4x ',4,2 in}+ )+1\ ¥
Jz=0 e pPA\p 2 pt 6 2
{32

and substitution for 8% from equation (29) gives

_ o’ R cox? A4 Co o )
e + X;p)e — 35—+ xt — Ko
2/)2 fl&sp) p*2 6 p? . FA
{33
It follows that
LH(xp) =Ky, =0 34y

and this completes the core flow solution to O(4%) for
A - 0 with p fixed.

(c) Higher-order solutions for 4 — 0.5 = O(1}

Let usnow turn to the limit 4 — O withé = O(1). We
have already noted that this case appears more difficult
than the limit A — 0, p = Of1) because the governing
equations at O(1} in the end region do not obviously
simplify when A4 — 0. However, this apparent difficulty
is easily overcome, and the problem can be reduced to
a form which is comparable to that for p = O(1). A
simple motivation for this simplification follows from
the observation that the core solution (22a) for §, can
satisfy the boundary-condition (Sb)exactlyat x = 0, 1.
The result of putting f, = 1 at £ = 0 is just

ln(p+Ax\

l+p /

In ( 1 ff:,, )

There is, of course, no guarantee that the form
obtained in this way will be the same as that obtained
by proper matching with solutions in the end-domains.
However, this was shown to be true in the preceding
case [cf. equations (24)} and will also be demonstrated
in this section for 4 -0, § = O(1).

Assuming equation (35) to be correct for the mo-
ment, the solution scheme in this second case is easily
motivated. In particular, though 8, is clearly O(1)
for A—0, p=0(1), the combination ¢ = {In[p/
(1 + p)]} ~ ! is asymptotically small in the limit 4 — 0
with § = O(1).F

Anticipating the requirements for matching with the
end-region solutions, this suggests the use of a double

expansion of the form
1 k
) fﬂ (36a)
Iy

7/

o= (35)

SR
1 ko )
- W, (D'.’)J (36b)
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in place of equation (19). A similar form is then also
required in the core

k
@%@}

(37)

With the expansion (36), we see from equations {16}~
(18) that

o
) =0, V260 =0
ax

in the end-regions, and thus

Ble=1 {hot end)
(38}

Bl.=0 {cold end)

as before. The result of matching equations (38} and
{22a)is the expression (35) for the termati =0,k =1
in equation (31), and the corresponding solution in the
core, i.e. (B3, 1, dY), is precisely equation (22) with ¢,,
c¥ given by equation (24). Thus, at first-order, there is
no difference between the solutions for 4 — 0 with
p = 0(1), and 4 - 0 with § = 0(1).

The mismatch between equation (35) and 8} [ie.
(35)] is remedied at k = 1 in the expansion for (6, Yo,
@,). Substituting equation (36) into equations (16)-
(18) and equating terms of equal order in {In{p/
{1+ p)]} ! for i =0, we find

VgL =0 {39a)
oy, @
— = V@) — 9b
ox ® (x+)P (39b)
2 o _
2T “re - 1
VAV T3 3 {x +&dh.  (3%)

A general solution of equation (39a) can be obtained
by standard methods

d=cln(x +8) +d + Y. AF(x}cos(nnz)

n=1

which satisfies boundary conditions at z = 0,1. The
boundary conditions at x =0 and x=A4"" plus
matching with 85{In[ p/(1 + p)]} "%, then yields

ln(Ax + p)
NP/

{hot end)

(40
and
i In Alx: P
[gg e 9‘3} = NTP/ {cold end).
! ( p c p
n Y
14 p (1 + 9)
(41)
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The match between 8} and these end-solutions equa-
tions (40) and (41) is exact,

The governing equations for the fluid motion (i,
@) are obtained by substitution of equations (40) and
{41) into (39b, ¢), i.e.

=1
2.1 @ = ! N
Voo Grer ~ Yivss
- 2 oY} =
VI -5 ,g,;?.= - (x + 8ol (42)

These non-homogeneous equations are to be solved
subject to the boundary conditions

- O
} R A, =
lflo— az z 031
(43)
wl——%m ey
v = Ew = x =0

plus matching with (3, &8) {In[p/(1 + p)]} "%, e

o PO
ﬁﬁw“*‘Gz“ﬁ+§ﬂ

71
lim fa_d.f_(’. - 0.
Ko ax

(44)

Although a closed-form analytic solution may be
obtained for equations (42)-{(44), we do not display it
here as it is not essential to the analysis which follows.

Higher order solutions will also exist for i = 0 in the
end regions owing to the fact that 8¢/}/dz is nonzero.
Indeed, the velocity field corresponding to ¢ § actsasa
convective ‘source’ in the governing differential equa-
tion for 83, while #2 drives the flow associated with 3.
In turn 3 yields #3 and so on for larger values of k. We
shall explicitly consider only 82 which represents the
first direct contribution of convection in the end-
regions. The governing differential equation for 3 can
be obtained from equation (18) and is

Gr Pr
x+d 8z

V2= — (45)

with homogeneous boundary conditions

=0 x=0
ALK
6~0==0 z=10,1
oz

and matching with the core solution. We have noted
that the term on the right hand side of equation (45} is
due to thermal convection. It may, at first, seem
surprising that a convection contribution should arise
in the end region at O(1), with respect to 4, when the
first contribution of convection in the core will only
appear at 0(4%) [cf. equations (6-8)]. However, we
shall see that there is an exact match between 8% and
this first convection term in the core. To demonstrate
this fact, we will not require a complete solution for #2;
only its asymptotic form for large x. This may be
obtained very easily by making use of the asymptotic
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form for §} from the matching condition (44) for large
x. This yields the differential equation

. GrPr [P 2 :
yegz . GrPr (2 2 W,)
STty (6 PR

for x » 1, and it follows that

- GrPr (2% & 2} 1
90"’““7""“““’“"‘*"“"‘"*';
(x+07\120 48772 1440

{x>1). (46}

Transforming to the core variables £ and p, this
becomes

~ , GrPr (20 2% 2 I

fo~ 4 Tﬂ')“("fiﬁ ~wt T ) ¢
and the mismatch with 0, is seen to be
O{A*/[In{p/1 + p}}*}. Although the higher-order
terms, 03, 05 ... yield a further mismatch with the core
solution @y, it is of smaller magnitude, 0{4%/[In
{p/1 + p)]?}, and we shall not consider these terms
here.

Turning now to the core region, we have so far only
discussed the terms 03, Y3 and &} The differential
equations and boundary conditions for /=0 and
k> 2 and for i = 1 with k > 1 are all homogeneous
and it thus follows that any nonzero solutions for these
values of i and k would have to be generated through a
mismatch at O(1} or O(4) between 8, ¥, or &b, and the
solutions in the end-regions. In view of the fact that no
such mismatch exists, it follows that

=0 k=2

F=0

The first nonzero correction to (G, ¥, and &) thus
arises at O(4%) with k = 2, and is due to the appearance
of nonzero convection terms in the governing equa-
tions. Since the core solution is identical to that of the
preceding section through terms of O(1) in A, the
relevant solution is just equation (21). This must be
matched with the end solution for large x, equation
(41}, to obtain f;. The result is

.fZ = 05

which is identical to that previously obtained for the
case A — 0 with p = O(1).

Thus, we have shown that the solution in the core
region through terms of 0{A4%/[In(p/1 + p)]*} is
identical for the two limiting cases 4 - 0 with p = 0
(1)and 4 — 0 with é = O(1). In view of the differences
in the end regions [cf. equations (9)—(11) and (15)-
(17)] this seems to us to be a rather unexpected result.

(48)
k=1

4. DISCUSSION AND DETERMINATION OF
THE NUSSELT NUMBER
We have seen that the core solution, through terms
of 0{A%/[In{p/1 + p)1*}, is identical for the two limits
A—=0,p=0{1)and 4 — 0,8 = O(1). The temperature
distribution and streamfunction are
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p+ Ax
g 2 FPTH
o+ 1,
Gr Pr 4* F(z) A? ’
4 - e et 4 s e o e (@] et s e
( p )2(9-+AAX)2+ p )2L
ln [ A ln<w._.-.,..,..
\p+ 1, 1+, )
{49)
and
. iz
d, F R A
p+1
2Gr A*? G(z) + PrH(z) A4*

( p )2 (p + Ax)?
Inf
p+1)

(50)
The corresponding velocity components are
1 F'(z
u()?, P e — m__() —
P+ Ax ( p )
In —
P+ 1
2Gr 4> G{z)+ PrH(2)
_ ... {51
( P )"' (p + Axy t-o Ola)
ln USRI
NERY
and
. 2Gr A2 G(z) + PrH(z)
W(X, Z) = - 2 4
( p \) (p + Ax)
In{ ——
o+ 1
(51b)

The first term in equadon (49) is the temperature
profile due to heat conduction, whereas the second
term is the first contribution from heat transport by
convection. The form of the solution for # is similar to
that found by Cormack et al. [3] for the 2-D case; in
particular, the z dependence of the convection term is
identical. However, there is an additional dependence
of the convection term on lateral position, x, which did
not appear in the 2-D case. More striking are the
changes in the velocity field. It may be seen from either
equation (50) or equation (51) that the core motion is
only unidirectional at the first approximation, and this
contrasts sharply with the 2-D case where the core
motion was unidirectional and preserved in form at all
levels of approximation. Furthermore, the z-
dependence of the convection term in equation (51a)
depends on Pr, and this also represents a change from
the 2-D problem. In particular, the convection contri-
bution in the present case is asymmetric in z by an
amount which depends on Pr. The function F(z) [and
F"(z)], see Fig. 2, which contributes to § at 0(4*) and u
at O(1)isidentical to the function which plays the same
role in the 2-D theory. The functions G(z) and H{(z)
which appear in the velocity component, w, are plotted
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F1G. 2. Velocity profile F"(z) at O(1) and correction F(z) to the
temperature profile at 0(42).

in Fig. 3. As noted above, these functions are not
strictly symmetrical about z = {. Figure 4 shows the
corresponding corrections G'(z) and H'(z) to the
velocity component u at 0(A2). In Fig. 5, the composite
profiles G(z) + PrH(z) and G'(z) + PrH'(z) which
appear in w and y, respectively, are plotted for Pr = 7.
The solutions (49) and (50) can be used to calculate
the Nusselt number relating to the total heat flux due
to conduction and convection between the two cylin-
ders of the annular domain
0

Nu=— %
4 2 (T, — Ty

(52)

where, in dimensionless form,

Q = 2nih(T, — T))

z=1 o0 ~ 00
xJ [——(p+)€)—A+GrPr|//—]dz. (53)
0x 0z

z=0

Note, that @ is independent of % since the top and
bottom of the cavity have been assumed to be in-
sulated. Substituting for § and y from equations (49)
and (50), we see that Nu can be calculated to 0(4%)
with the information available. A convection cor-
rection at 0(4°%), due to the O(42) term in yJ can also be
obtained, but is incomplete since higher order cor-
rections are not known for 8. Thus, to O(43) we obtain

A

<1 ; p)
pln
p

Nu =

Gr Pr A)?
x J 1+276x 10—6*“1—:;4—2 + 0(4%)
)
g (54)
where
z—1
276x107° = J [F(2)]*dz.
z=0
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FIG. 3. Corrections G(z) and H(z) to the stream function § and
to the velocity profile w at 0(4%).
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F1G. 5. Corrections W'(z) = G'(z) + Pr H'(z)and W(z) = G(z)
+ Pr H(z) to the velocity profiles ii(z) and w(z), respectively at
0(A?) where the Prandt] number is Pr = 7.
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For r, fixed and r, —r. for A « 1, the 3-D cavity
reduces to the 2-D cavity and it is therefore of interest
to calculate the limiting form for Nu. This follows
simply from equation (54) by noting that

g
|
i

The result is
Nu |,,ﬂ - A[1 +2.76 x107°(Gr Pr A)* + ... ].

This is identical to the result given by Cormack et
al.[3, 5], with the exception of the constant 2.76 x 10™°
which was mistakenly reported as 2.86 x 107 in the
previous analysis.

In the opposite limit r, is fixed and r, > 0,i.e. p = 0,
the Nusselt number Nu — « for fixed 4. This can
easily be seen by using an approximation for the
logarithm function

1 1 0.9245
e ~ 022 (\) as p— 0.
p p
(' ?

With the temperature difference fixed at T, — T, the

G. P. MERKER and L. G. Leat

Nusselt number must become very large in order to
maintain a finite heat flux when the surface area of the
inner cylinder goes to zero.
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CONVECTION NATURELLE DANS UNE CAVITE
ANNULAIRE PEU PROFONDE

Résumé—On considére le probléme de la convection naturelle dans une cavité annulaire et peu profonde

avec des parois interne et externe différemment chauffées. Par rapport au probléme bidimensionnel de

Cormack, Leal et Imberger (1974), la structure de Pécoulement différe de deux fagons importantes. D’abord le

coeur de 'écoulement est seulement paralléle a O(1) dans I'anneau. Ensuite, le rayon fini du cylindre intérieur

fournit une troisiéme échelle de longueur en plus de h et (r. — r,). L’écoulement correspond a deux régimes

distincts 4 la limite asymptotique A = h/(r, — r,) — 0. La solution dans le coeur est développée & O(A?)et les
résultats asymptotiques sont obtenus a O(A%) pour le nombre de Nusselt.

FREIE KONVEKTION IN EINEM FLACHEN RINGFORMIGEN HOHLRAUM

Zusammenfassung—Das Problem der freien Konvektion in einem flachen, ringférmigen Hohlraum mit
unterschiedlich erwirmten inneren und #uBeren Winden wird betrachtet. Verglichen mit dem
zweidimensionalen Problem bei Cormack, Leal und Imberger [3], weicht der Stromungsverlauf in zwei
Punkten bedeutend ab. Erstens ist die Stromung im Kerngebiet des Ringraums nur von 1. Ordnung parallel.
Zweitens stellt der endliche Radius des inneren Zylinders neben h und (r,—r,) einen dritten
LingenmaBstabsfaktor dar. Deshalb bestehen fiir die Stromung zwei Bereiche mit dem asymptotischen
Grenzwert A = h/(r,—r;) — 0. Die Losung fiir das Kerngebiet wird korrekt von Ordnung (A?) entwickelt,
und fiir die Nusselt-Zahl erhilt man asymptotische Ergebnisse, die bis Ordnung (43) giiltig sind.

ECTECTBEHHAS KOHBEKI[MsI B Y3KOM KOJIbLIEBOM 3A30PE

Annoraums — McceayeTcs ecTeCTBEHHass KOHBEKIUMA B Y3KOM KOJIBLCBOM 3a30p¢ NpPH HaJIHYHH
PA3HOCTH TEMNEPATYP MEX/y BHYTPEHHEH M BHEILHEH CTEHKaMH. CTpyxTypa IOTOKa HMEET /IBE OTJIHUH-
TeNbHbIE OCOBEHHOCTH IO CPABHEHHUIO ¢ ByMepHO# 3anaued Kopmaka, Jlnns u HMmbGeprepa (1974 r.).
Bo-nepBhIX, AApO NOTOKa mapajieibro Tonbko npu O(1) B kossueobpasHom cioe. U Bo-BTopBIX,
nomumo h W (r, — r,) MMeeTcs TpeTHii MaciuTab IUTHHBI NMpeICTaBJIEHHbIH KOHEYHBIM PpalHyCcoM
BHYTpeHHero uwinnapa. Ilo3ToMy B aCHMNTOTHYECKOM npeaese A = h/(r. - r,) >0 MOXHO 4€TKO
BLIIENHTL NBa pexuma. Peilene ans sapa CnpaBeiuBO BILUIOTH 10 O(A?%), a acCHMNTOTHYECKHE
3HAYEHHA, TIOyYeHHble 18 uuciaa HyccenbTa, cipaBeUIHBE! BNJIOTH 10 o(43.



